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Sliding-Mode Output Feedback Control Design
Han Ho Choi, Member, IEEE

Abstract—We consider the sliding-mode output feedback con-
troller (SMOFC) design problem for a class of uncertain multi-
variable systems. We first design a stabilizing SMOFC for matched
uncertain systems. Using linear matrix inequalities (LMIs), we
derive a necessary and sufficient condition for the existence of
a linear sliding surface depending on outputs and compensator
states. Using the solution of the LMI existence condition, we
characterize the gain matrices. We give the nonlinear switching
feedback gain guaranteeing the reachability condition. Second,
we give an LMI-based design method to combine various useful
performance criteria which can be used to guarantee a desired
robust performance in spite of mismatched uncertainties. The per-
formance criteria include α-stability, LQ performance, H2/H∞
performance, and peak-to-peak gain bound. In particular, we
show that by including H∞ performance constraints, we can easily
solve the SMOFC design problem for challenging system models
to which the previous methods are not easily applicable. Finally,
we give a numerical design example showing that our method can
be successfully applied to the problem of designing reduced-order
SMOFCs for uncertain time-delay systems or mismatched uncer-
tain systems.

Index Terms—Linear matrix inequality (LMI), output feed-
back, sliding-mode control, switching surface, uncertain systems,
variable-structure system.

I. INTRODUCTION

THE SLIDING-MODE control theory has provided an
effective means to design robust feedback controllers for

incompletely modeled or uncertain systems [1]–[4]. Most of the
previous methods have been developed under the assumption
that the full state can be measured directly. If the full-state infor-
mation is not available and only the output is accessible, a full
nth-order observer such as [12]–[15] can be used, where n is the
number of states. Alternatively, a sliding-mode output feedback
controller (SMOFC) with a linear sliding surface depending on
outputs and/or compensator states can be used. This controller
can be simpler and more economical than observer-based slid-
ing mode controllers. Recently, static SMOFC design methods
and existence conditions of output-dependent sliding surfaces
were proposed in [10], [11], and [29]. Moreover, using the
canonical form in [5], Bag et al. [6]–[8] proposed compensator-
based SMOFC design methods for uncertain systems which do
not satisfy the existence conditions in [10] and [11]. The exis-
tence conditions in [6]–[8] are sufficient ones. Moreover, all the
methods in [6]–[8] are not applicable to uncertain systems with
mismatched uncertainties. More recently, Park et al. [9] pro-
posed a full nth-order SMOFC design method which is applica-
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ble to uncertain systems with mismatched uncertainties in the
state matrix. However, the stability condition of Park et al. [9]
is nonlinear; moreover, Park et al. [9] gave no method to
design a reduced qth-order SMOFC with q < n. Considering
these facts, we propose a linear-matrix-inequality (LMI)-based
SMOFC design method. We first consider the problem of
designing a stabilizing SMOFC for uncertain systems with
matched uncertainties. We derive a necessary and sufficient
condition for the existence of a linear sliding surface and a
compensator in terms of LMIs. Using the solution of the LMI
existence condition, we parameterize the gain matrices of the
sliding surface and the compensator. We also find the nonlinear
switching feedback gain to drive the system trajectories so that
a stable sliding motion is induced in finite time on the sliding
surface. Unlike the previous methods in [6]–[8], our method
does not require changing the system triple into the canonical
form in [5], and our results imply that if our LMI existence
condition is not feasible, then an SMOFC with an observer
in [12]–[15] or a compensator in [6]–[8] cannot be designed.
Thus, we can easily determine the feasibility of the design prob-
lem, and in the positive case, we can easily obtain SMOFCs via
LMI optimization. Second, motivated by the work in [17]–[20],
and [28], we will give a design method to combine various
useful performance criteria. The performance criteria include
α-stability, LQ performance, H2/H∞ performance, and peak-
to-peak gain bound. These criteria are useful to enforce ro-
bustness to mismatched uncertainties and to tune the transient
response. Moreover, they can be used to add the feature of
approximate rejection of nonmatching disturbance input signals
to the conventional sliding mode robustness against matched
uncertainties. In particular, we show that by including an H∞
performance bound constraint, we can design reduced-order
SMOFCs for uncertain time-delay systems or mismatched un-
certain systems. Finally, we give numerical design examples,
together with an LMI-based design algorithm.

II. SYSTEM DESCRIPTION AND BACKGROUND RESULT

We will first consider the following dynamical equation
[6]–[8]:

ẋ(t) = Ax(t) + B [u(t) + h(t)]

y(t) = Cx(t) (1)

where x(t) ∈ Rn is the state, u(t) ∈ Rm is the control, y(t) ∈
Rp is the output, and the following assumptions are satisfied.

A1) A ∈ Rn×n, B ∈ Rn×m, and C ∈ Rp×n are constant
matrices.

A2) The matrices B and C are full rank, and m ≤ p < n.
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A3) The function h(t) is unknown but bounded as
‖h(t)‖ ≤ φ‖u‖ + β(t, y), where β : R+ × Rp → R+

is a known function and φ is a known scalar such that
φ < 1.

It should be noted that under the condition of m = p, some
researchers such as Hsu et al. [26] and Cunha et al. [27] have
tried to relax the traditional assumption A3). For a class of
square systems, the methods in [26] and [27] can allow large
uncertainties in the input matrix. In Sections IV and [55], we
will relax the assumptions A1) and A3), and we will consider a
system model with mismatched state-matrix uncertainties.

In the static output feedback case, the linear sliding surface
is defined as ΓCx = 0, where Γ is an m × p matrix such
that ΓCB is nonsingular and the reduced (n − m)th-order
equivalent system dynamics restricted to Γy = ΓCx = 0 is
asymptotically stable [6], [8], [10], [11]. From [10], we can get
the following existence condition of Γ.

Proposition 1: Consider the system (1) [10]. Let Φ be any
full-rank n × (n − m) matrix such that ΦTB=0 and ΦTΦ=I .
Consider the following non-LMIs:

X > 0 ΦTAXΦ + ΦTXATΦ < 0 BT = ΓCX (2)

where A ∈ Rn×n, B ∈ Rn×m, C ∈ Rp×n, and Φ ∈ Rn×(n−m)

are given, and X ∈ Rn×n and Γ ∈ Rm×p are the variables.
Equation (2) is feasible iff there exists a linear switching surface
ΓCx = 0 such that ΓCB is nonsingular and the sliding mode
dynamics restricted to ΓCx = 0 is asymptotically stable.

If the system (1) does not satisfy the well-known
Kimura–Davison condition m + p ≥ n + 1, (2) may not be fea-
sible, and thus, (1) may not be stabilizable via a static SMOFC.
To get around this problem and to provide additional degrees of
freedom, some authors such as El-Khazali and Decarlo [5] and
Bag et al. [6]–[8] introduced a dynamic compensator so that
the augmented system satisfies the Kimura–Davison condition.
Consider the following qth-order compensator-based sliding
mode controller [5]–[8]:

v̇(t) =AKv(t) + BKy(t), v(0) = v0

u(t) =CKv(t) + DKy(t) + ν(t) (3)

where the matrices AK ∈ Rq×q, BK ∈ Rq×p, CK ∈ Rm×q,
and DK ∈ Rm×p are gain matrices to be determined. The
nonlinear switching control term ν(t) is used to account for the
uncertain term h(t) and is in the following form:

ν(t) = −ρ(t)
σ

‖σ‖ (4)

where ρ(t) is a positive scalar function and σ is the sliding vari-
able which is dependent on (y, v) only. By using the augmented
state x̄ ∈ R(n+q) and output ȳ ∈ R(p+q)

x̄ = [xT, vT]T ȳ = [yT, vT]T

we can obtain the following augmented system model:

˙̄x(t) = Āx̄(t) + B0 [ν(t) + h(t)] + B̄KC̄x̄(t)

ȳ(t) = C̄x̄(t) (5)

where Ā, B̄, C̄, K, and B0 are given by

Ā =
[

A 0
0 0

]
B̄ =

[
B 0
0 I

]
C̄ =

[
C 0
0 I

]

K =
[

DK CK

BK AK

]
B0 =

[
B

0

]
. (6)

In the augmented state space, we can define the linear sliding
surface σ = 0 as

σ = F ȳ = [F1, F2]C̄x̄ = F1y + F2v = 0 (7)

where F1 ∈ Rm×p and F2 ∈ Rm×q.

III. STABILIZING SMOFC DESIGN PROBLEM

The sliding mode controller design can be decoupled into
two independent tasks. The first task is concerned with the
design of a sliding surface for the sliding mode. The second
involves the selection of a switching feedback controller guar-
anteeing the reachability condition in spite of the uncertainties
[1]–[4]. In the following sections, we will first derive an LMI
condition for the existence of the sliding surface parameter
matrix F guaranteeing the asymptotic stability of the sliding
mode dynamics. Then, we will give an algorithm to design the
gain matrix K and the switching gain ρ(t) guaranteeing the
reachability condition.

A. LMI Existence Condition

Theorem 1: Consider the following non-LMIs:

P > 0 P (Ā + B̄KC̄) + ∗ < 0 BT
0 P = FC̄ (8)

where P ∈ R(n+q)×(n+q), F ∈ Rm×(p+q), and K ∈
R(m+q)×(p+q) are the decision variables, and ∗ represents
blocks that are readily inferred by symmetry. Equation (8)
is feasible iff there exists a linear switching surface F ȳ = 0
satisfying the following properties.

P1) FC̄B0 = F1CB is nonsingular.
P2) The reduced-order equivalent system dynamics re-

stricted to the switching surface FC̄x̄ = F ȳ = F1y +
F2v = 0 is asymptotically stable.

Proof: By Proposition 1, there exists a linear switching
surface F ȳ = 0 satisfying P1) and P2) iff the following non-
LMIs are feasible for (X̄, Ḡ):

X̄ > 0 Φ̄TĀX̄Φ̄ + ∗ < 0 BT
0 = ḠC̄X̄ (9)

where Φ̄ is any full-rank (n + q) × (n − m) matrix such that
Φ̄TB0 = 0 and Φ̄TΦ̄ = I . Thus, we have only to show that (8)
is feasible for (P, F ) iff (9) is feasible for (X̄, Ḡ).

(⇒) Assume that (8) is feasible for (P, F ). Then, (8) implies

P > 0 Φ̄T(ĀP−1 + P−1ĀT)Φ̄ < 0 PBT
0 = FC̄. (10)

This implies that (9) is satisfied with X̄ = P−1 and Ḡ = F .
(⇐) Assume that (9) is feasible for (X̄, Ḡ). Then, by us-

ing Finsler’s lemma [16], we can show that the following
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inequalities hold for some μ > 0:

X̄ > 0 ĀX̄ + X̄ĀT − 2μB0B
T
0 < 0 BT

0 = ḠC̄X̄. (11)

By using BT
0 = ḠC̄X̄ , (11) can be rewritten as

X̄ > 0 (Ā − μB0ḠC̄)X̄ + ∗ < 0 BT
0 = ḠC̄X̄ (12)

which implies that (8) is satisfied with P = X̄−1 and
F = Ḡ. �

The non-LMIs (8) cannot be directly used to compute the
design parameters K and F . Now, an equivalent LMI condition
is given which is useful for design.

Theorem 2: Let Θ ∈ Rn×(n−p) and Φ ∈ Rn×(n−m) be any
full-rank matrices such that CΘ = 0, ΘTΘ = I , ΦTB = 0, and
ΦTΦ = I . Equation (8) is feasible iff the following LMIs are
feasible for (X,W,H):

ΦTAXΦ + ∗ < 0 ΘTΦWΦTAΘ + ∗ < 0[
ΦWΦT + CTHC I
I X

]
≥ 0 (13)

where X ∈ Rn×n, H = HT ∈ Rp×p, and W = WT ∈
R(n−m)×(n−m) are the decision variables.

Proof: (⇒) Assume that (8) is feasible for (P,K,F ).
Partition P and P−1 = Π as

P =
[

P1 P2

∗ P3

]
> 0 P−1 =

[
Π1 Π2

∗ Π3

]
> 0. (14)

By using the matrix inversion lemma, we can show that

P1 − P1P
−1
3 PT

1 = Π−1
1 > 0.

Because P1P
−1
3 PT

1 ≥ 0, we can obtain

P1 ≥ Π−1
1 > 0. (15)

By Schur complement formula [16], (15) can be rewritten as
[

P1 ∗
I Π1

]
≥ 0. (16)

Using (14) and the projection lemma [16], we can show that (8)
implies

ΦTAΠ1Φ + ∗ < 0 ΘTP1AΘ + ∗ < 0. (17)

On the other hand, FC̄ = BT
0 P implies that P1 can be ex-

pressed as

P1 = ΦWΦT + CTHC WT = W HT = H. (18)

Equations (16)–(18) imply that the LMI (13) is satisfied with
X = Π1, W = W , and H = H.

(⇐) By using Schur complement formula [16], we can
show that the LMI (13) implies that Y ≥ X−1 > 0, where
Y = ΦWΦT + CTHC. This, in turn, implies the existence of
the full-rank matrix U ∈ Rn×q such that

UUT = ΦWΦT + CTHC − X−1 (19)

where q = rank(Y − X−1). Define P ∈ R(n+q)×(n+q) as

P =
[

ΦWΦT + CTHC U
∗ I

]
=

[
Y U
UT I

]
. (20)

Then, we can see that P > 0 and BT
0 P = FC̄ holds with

F = [BTCTH,BTU ]. By using the matrix inversion lemma
and (19), we can obtain

P−1 =
[

X −XU
∗ I + UTXU

]
. (21)

By the projection lemma [16], we can show that (13) implies
the existence of K satisfying

P (Ā + B̄KC̄) + ∗ < 0 (22)

which is an LMI in K for the given P . �
Remark 1: Theorems 1 and 2 imply that (8) is feasible iff

the pair (A,B) is stabilizable, rank(CB) = rank(B), and any
invariant zeros of (A,B,C) lie in the open left half-plane. The
triple (A,B,C) is said to be relative degree one if rank(CB) =
rank(B). Moreover, (A,B,C) is said to be minimum phase
if any invariant zeros of (A,B,C) lie in the open left half-
plane. These facts imply the well-known result of Edwards
and Spurgeon [7] and Young et al. [25] that the SMOFC
design problem for the uncertain system (1) is solvable if
(A,B,C) is relative degree one, minimum phase, controllable,
and observable. Theorem 2 implies that the existence LMI (13)
is feasible iff there exists a linear switching surface F ȳ = 0
satisfying P1) and P2), and F can be designed through the
formula F = [BTCTH,BTU ], where H is a solution of the
LMI (13) and U is defined in (19).

B. Stability Analysis and Control Design

After the switching surface is designed, the next step is to
design an output feedback switching control strategy which will
drive the state trajectory to the switching surface and maintain
a sliding mode condition in spite of the uncertainties [1]–[4]. In
this section, we find the switching gain ρ(t) guaranteeing the
reachability condition.

Theorem 3: Consider the augmented system (5). Assume
that K and F satisfy (8). Then, the control law (3) with (4) and
the following switching gain guarantees the asymptotic stability
of the origin x̄ = 0 and induces an ideal sliding motion on the
surface σ = F ȳ = 0 in finite time:

ρ(t) =
1

1 − φ
(ε + φ‖CKv + DKy‖ + β(t, y)) (23)

where ε is a positive scalar.
Proof: Let us define the Lyapunov function as V (x̄) =

x̄TP x̄, where P satisfies (8). Its derivative is given by

V̇ = 2x̄TP
[
(Ā + B̄KC̄)x̄ + B0ν + B0h(t)

]
≤ − x̄TQx̄ + 2‖σ‖ [φ‖u‖ + β(t, y)] + 2σTν (24)
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where −Q = P (Ā + B̄KC̄) + ∗. Equation (8) implies that
Q > 0. By using this property, we can rewrite (24) as follows:

V̇ ≤ −λmin(Q)‖x̄‖2 − ε‖σ‖ ≤ 0

which implies the exponential stability of the origin x̄ = 0. To
show that a sliding motion occurs in finite time, it is enough that
the reachability condition holds. By using A3) and σ = BT

0 P x̄,
we can obtain

σT(BT
0 PB0)−1σ̇ ≤ −‖σ‖ (ε − δ‖x̄‖) (25)

where δ = ‖(BT
0 PB0)−1BT

0 P [Ā + B̄KC̄]‖. Because the ex-
ponential stability of the origin x̄ = 0 is guaranteed, x̄ will
enter the ball {x̄ : ‖x̄‖ < ε/δ} in finite time and remain there.
After all, (25) implies that an ideal sliding motion occurs in
finite time. �

Remark 2: In view of the results of this section, it is reason-
able that we construct a stabilizing SMOFC through the follow-
ing procedure: 1) find a solution (X,W,H) satisfying the LMI
(13) via LMI optimization; 2) compute the full-rank matrix U ∈
Rn×q using (19) and q = rank(ΦWΦT + CTHC − X−1);
3) obtain the gain matrix F using F = [BTCTH,BTU ];
4) compute the positive definite matrix P ∈ R(n+q)×(n+q) us-
ing (19) and (20); 5) find a solution K satisfying the control
reconstruction inequality (22) which is an LMI in K for the
given P ; and 6) construct the control law (3) with (4) and (23).

Remark 3: We may replace the term ν(t) of (4) with

νi(t) = −ρ(t)Sgn(σi) (26)

where Sgn(·) denotes the signum function. Similar to the proof
of Theorem 3, we can easily show that the control law (3) with
(26) also guarantees the stability. Instead of the control law (3),
we may use the simple bounded switching feedback controller
of the form

v̇(t) = AKv(t) + BKy(t), v(0) = v0

ui(t) = −�i
σi

‖σ‖

where �i is a constant design parameter, or of the form

v̇(t) = AKv(t) + BKy(t), v(0) = v0

ui(t) = −�iSgn(σi).

The aforementioned bounded switching feedback controllers
will at least locally stabilize the closed-loop system [11].

IV. PERFORMANCE DESIGN PROBLEMS

The LMI characterization of the gain matrices K and F
given in the previous section provides some degrees of freedom
which can be used to handle various useful convex performance
criteria given in [16]. Within our LMI-based formulation by
simply including additional convex performance constraints,
we can easily design an SMOFC guaranteeing the additional
performance constraints. In this section, we consider the prob-
lem of designing an SMOFC under α-stability, quadratic per-

formance, generalized H2/H∞ performance, and peak-to-peak
gain bound constraints.

A. α-Stability

A system with α-stability satisfies limt→∞ eαt‖x(t)‖ = 0
for all solution trajectories x. Thus, if we use an SMOFC
guaranteeing the α-stability constraint, we can ensure a mini-
mum decay rate α. Assume that the following LMI existence
condition is feasible for (X,W,H):

ΦT(A + αI)XΦ + ∗ < 0

ΘTΦWΦT(A + αI)Θ + ∗ < 0[
ΦWΦT + CTHC I
I X

]
≥ 0. (27)

Then, we can construct U ∈ Rn×q of (19) and P ∈
R(n+q)×(n+q) of (20) by using the solution (X,W,H) of (27).
We can show that there exists a solution matrix K satisfying the
following synthesis LMI:

P (Ā + αI + B̄KC̄) + ∗ < 0 (28)

where P is constructed with the formula (20) and the solution
(X,W,H) of (27). Moreover, by referring to the proof of
Theorem 3, we can establish the following theorem.

Theorem 4: Consider the augmented system (5). Assume
that the existence LMI (27) is feasible for (X,W,H), the
gain matrix F is given by F = [BTCTH,BTU ], P of (20) is
constructed with the solution (X,W,H) of the LMI (27), and
K satisfies (28) which is an LMI in K for P . Then, the control
law (3) with (4) and (23) guarantees the α-stability of x̄ = 0
and induces an ideal sliding motion in finite time.

B. Quadratic Performance

Consider the linear quadratic performance index∫ ∞
0 xTDTDxdt, where DTD ≥ 0. Assume that the following

LMIs are feasible for (X,W,H):

[
ΦTAXΦ + ∗ ∗
DXΦ −I

]
< 0

[
ΘTΦWΦTAΘ + ∗ ∗
DΘ −I

]
< 0

xT(0)[ΦWΦT + CTHC]x(0) <γQ[
ΦWΦT + CTHC I
I X

]
≥ 0 (29)

where γQ > 0. Then, we can construct U ∈ Rn×q of (19) and
P ∈ R(n+q)×(n+q) of (20) by using the solution (X,W,H) of
the existence LMI (29). Moreover, by using Schur complement
lemma and the projection lemma [16], we can show the exis-
tence of K satisfying the following synthesis LMI:

P (Ā + B̄KC̄) + (Ā + B̄KC̄)TP + D̄TD̄ < 0 (30)
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where D̄ = [D, 0] and P is constructed with the formula (20)
and the solution (X,W,H) of (29). After all, we can establish
the following theorem.

Theorem 5: Consider the augmented system (5). Assume
that the existence LMI (29) is feasible for (X,W,H), F is given
by F = [BTCTH,BTU ], P of (20) is constructed with the so-
lution (X,W,H) of (29), and K satisfies (30) which is an LMI
in K for P . Then, the control law (3) with (4) and (23) guaran-
tees the quadratic performance bound

∫ ∞
0 xTDTDxdt < γQ.

C. Generalized H2 Performance

In order to add the feature of approximate rejection of non-
matching disturbance input signals to the conventional sliding
mode robustness against matched uncertainties, we will design
an SMOFC under generalized H2/H∞ performances or peak-
to-peak gain bound constraints. To this end, we first modify the
system model (1) as follows:

ẋ(t) = Ax(t) + B [u(t) + h(t)] + Ew(t)

y(t) = Cx(t)

z(t) = Dx(t) (31)

where w(t) ∈ Rnr is the disturbance input vector, z(t) ∈ Rnz

is the controlled output vector, and E and D are the constant
matrices of appropriate dimensions. By assuming that x(0) =
0, w ∈ L2, the following LMIs are feasible for (X,W,H):

[
ΦTAXΦ + ∗ ΦTE
∗ −I

]
< 0

[
ΘTΦWΦTAΘ + ∗ ∗

ETΦWΦTΘ −I

]
< 0

γ2
2I > DXDT

[
ΦWΦT + CTHC I

I X

]
≥ 0 (32)

where γ2 > 0. Then, we can construct U ∈ Rn×q of (19) and
P ∈ R(n+q)×(n+q) of (20) by using the solution (X,W,H) of
the existence LMI (32). Moreover, by using the Schur comple-
ment lemma and the projection lemma [16], we can show the
existence of K satisfying the following synthesis LMI:

P (Ā + B̄KC̄) + (Ā + B̄KC̄)TP + PĒĒTP < 0 (33)

where Ē = [ET, 0]T and P is constructed with the formula
(20) and the solution (X,W,H) of the existence LMI (32). By
referring to Theorem 3 and [28], we can obtain the following.

Theorem 6: Consider the uncertain system (31). Assume that
the existence LMI (32) is feasible for (X,W,H), F is given
by F = [BTCTH,BTU ], P of (20) is constructed with the
solution (X,W,H) of (32), and K satisfies (33) which is an
LMI in K for P . Then, the SMOFC (3) with (4) and (23)
guarantees ‖z‖∞ < γ2‖w‖2 under x(0) = 0 and w ∈ L2.

Remark 4: The H2 norm corresponds to the rms value of the
controlled output z(t) when the system is driven by white noise
input signals w(t). If we use the SMOFC designed by solving

(32), we can perform approximate rejection of the nonmatching
disturbance input signal w(t) via the minimization of the gener-
alized H2 norm performance bound of the disturbance w(t) to
the controlled output z(t). Similar design paradigms have been
used in [19] and [30]. The result of [23] implies that even if the
external disturbance w(t) is not matched, the SMOFC designed
by solving (32) can guarantee the uniform stability of the origin
x̄ = 0 as long as w(t) ∈ L∞.

D. Generalized H∞ Performance

Consider the mismatched uncertain system model (31). By
assuming that x(0) = 0, w ∈ L2, the following LMIs are feasi-
ble for (X,W,H):

⎡
⎣ΦTAXΦ + ∗ ΦTE ∗

∗ −γ0I 0
DXΦ 0 −γ0I

⎤
⎦ < 0

⎡
⎣ΘTΦWΦTAΘ + ∗ ∗ ∗

ETΦWΦTΘ −γ0I 0
DΘ 0 −γ0I

⎤
⎦ < 0

γ2
0I > DXDT[

ΦWΦT + CTHC I
I X

]
≥ 0 (34)

where γ0 > 0. Then, we can construct U ∈ Rn×q of (19) and
P ∈ R(n+q)×(n+q) of (20) by using the solution (X,W,H) of
(34). Moreover, by using the Schur complement lemma and
the projection lemma [16], we can show the existence of K
satisfying the following synthesis LMI:

P (Ā + B̄KC̄) + (Ā + B̄KC̄)TP

+
1
γ0

PĒĒTP +
1
γ0

D̄TD̄ < 0 (35)

where Ē = [ET, 0]T, D̄ = [D, 0], and P is constructed with the
formula (20) and the solution (X,W,H) of (34). By referring
to Theorem 3 and [28], we can obtain the following.

Theorem 7: Consider the uncertain system (31). Assume that
the existence LMI (34) is feasible for (X,W,H), F is given
by F = [BTCTH,BTU ], P of (20) is constructed with the
solution (X,W,H) of (34), and K satisfies (35) which is an
LMI in K for P . Then, the SMOFC (3) with (4) and (23)
guarantees ‖z‖2 < γ0‖w‖2 under x(0) = 0 and w ∈ L2.

Remark 5: The H∞ norm of a stable transfer function is
the rms input–output gain for rms input signals. The H∞
norm can be interpreted as a worst case response norm of
a transfer function, i.e., it is the largest steady-state peak of
the response to any unit amplitude sinusoid. By referring to
the proof of Theorem 3 and by using (35), we can show that
for all perturbations w = Δ(t)z satisfying ‖Δ(t)‖ ≤ 1/γ0, the
following inequality holds:

d

dt
x̄TP x̄dt ≤ −λmin(Q0)‖x̄‖2 ≤ 0

where −Q0 =P (Ā + B̄KC̄)+(Ā + B̄KC̄)TP + PĒĒTP/
γ0 + D̄TD̄/γ0 < 0. This implies that if the SMOFC (3) with
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(4) and (23) guarantees ‖z‖2 < γ0‖w‖2, then the closed-loop
system remains stable for all perturbations w = Δ(t)z satisfy-
ing ‖Δ(t)‖ ≤ 1/γ0, i.e., the SMOFC designed by solving (34)
guarantees the asymptotic stability for the following system
with mismatched state-matrix uncertainties:

ẋ(t) =
[
A +

1
γ0

EΔ0(t)D
]

x(t) + B [u(t) + h(t)]

y(t) =Cx(t) (36)

where ‖Δ0(t)‖ ≤ 1. It should be noted that the condition given
in [9] is nonlinear and that the method in [9] is only applicable
to designing a full-order SMOFC for the aforementioned mis-
matched system. Now, consider the following uncertain time-
delay system:

ẋ(t) = Ax(t) + Ad(t)x(t − d) + B [u(t) + h(t)]

y(t) = Cx(t) (37)

where d ≥ 0, Ad(t) is an n × n matrix that can be factored
as Ad(t) = EΔd(t)D/γ0, and ‖Δd(t)‖ ≤ 1. By regarding
Ad(t)x(t − d) as the state-matrix uncertainties and by using
the fact that the delay operator has a unit gain, we can easily
show that the SMOFC designed by solving (34) guarantees the
asymptotic stability for (37). It should be noted that to the best
of our knowledge, there is no published result on the SMOFC
design problem for the aforementioned uncertain time-delay
system.

E. Peak-To-Peak Gain

Consider the mismatched uncertain system model (1). As-
sume that x(0) = 0, ‖w‖ ∈ L∞, and there exists a solution
(X,W,H) satisfying the following existence condition for
some θ and γp:

[
θΦTXΦ + ΦT(AX + ∗)Φ ∗
ETΦ −γ2

pI

]
< 0

[
θΘTΦWΦTΘ + ΘT(ΦWΦTA + ∗)Θ ∗
ETΦWΦTΘ −γ2

pI

]
< 0

θI > DXDT[
ΦWΦT + CTHC I
I X

]
≥ 0. (38)

Then, we can construct U ∈ Rn×q of (19) and P ∈
R(n+q)×(n+q) of (20) by using the solution (X,W,H) of
(38). Moreover, by using the Schur complement lemma and
the projection lemma [16], we can show the existence of K
satisfying the following synthesis LMI:

θP + P (Ā + B̄KC̄) + (Ā + B̄KC̄)TP +
1
γ2

p

PĒĒTP < 0

(39)

where Ē = [ET, 0]T and P is constructed with the formula (20)
and the solution (X,W,H) of (38). Moreover, by referring to
the proof of Theorem 3, we can establish the following theorem.

Theorem 8: Consider the uncertain system (31). Assume
that there exists a solution (X,W,H) satisfying the exis-
tence condition (38) for some θ and γp, F is given by F =
[BTCTH,BTU ], P of (20) is constructed with the solution
(X,W,H) of (38), and K satisfies (39) which is an LMI in K
for P . Then, the SMOFC (3) with (4) and (23) guarantees the
generalized peak-to-peak gain bound ‖z‖∞ < γp‖w‖∞ under
x(0) = 0 and w ∈ L∞.

Remark 6: If we use the SMOFC designed by solving (38),
we can bound the peak amplitude of the controlled output z(t)
for every bounded disturbance input w(t). The peak-to-peak
gain may be a poor estimate of the bound on the overshoot of
the step response.

V. CONTROL DESIGN ALGORITHM AND EXAMPLE

A. Design Algorithm

To design an SMOFC under the several performance criteria
given in the previous section, we have only to perform LMI
optimization as follows: first, form the existence LMIs as a
subset of (13), (27), (29), (32), (34), and (38); second, solve
the existence LMIs; third, form the corresponding synthesis
LMIs as a subset of (22), (28), (30), (33), (35), and (39); and
finally, solve the synthesis LMIs. After all, our results can be
summarized in the form of the following LMI-based design
algorithm.

Step 1) Check that (A,B,C) is relative degree one, min-
imum phase, and stabilizable. If not, the SMOFC
design problem is not feasible.

Step 2) Compute Φ and Θ for given B and C.
Step 3) Gather existence LMIs corresponding to each de-

sign performance criterion, and find a feasible solu-
tion (X,W,H) satisfying this augmented existence
LMIs via LMI optimization.

Step 4) Compute the full-rank matrix U ∈ Rn×q using (19)
and q = rank(ΦWΦT + CTHC − X−1).

Step 5) Obtain the gain matrix F using F =
[BTCTH,BTU ].

Step 6) Compute the positive definite matrix
P ∈ R(n+q)×(n+q) using (19) and (20).

Step 7) Gather synthesis LMIs corresponding to each design
performance criterion, and find a feasible solution K
satisfying these augmented synthesis LMIs via LMI
optimization.

Step 8) Construct the control law (3) with (4) and (23).

Remark 7: It should be noted that a reduced-order control
law with q < n can be designed by adding the additional non-
convex rank constraint n > rank(ΦWΦT + CTHC − X−1),
i.e., a reduced-order control law design problem can be reduced
to a rank-constrained LMI optimization problem. Various effi-
cient LMI-based algorithms have been proposed to solve such
rank-constrained LMIs. Moreover, they have been shown to be
very successful via extensive numerical experiments. Thus, we
can easily design a reduced-order SMOFC by using one of
the LMI-based algorithms given in [21], [22], and references
therein. The Kimura–Davison condition will always be satisfied
if q = n − p. Moreover, the LMI-based algorithms usually give
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Fig. 1. Simulation results of the uncertain time-delay system (37) with (40), (41), and (43).

feasible solutions for the reduced-order control design problem
with q = n − p if (A,B,C) is relative degree one, minimum
phase, and stabilizable.

B. Numerical Example

Consider the inverted pendulum controlled by a dc motor
[24], [28]

ẋ1(t) = x2(t)

ẋ2(t) = g(t) + x3(t)

ẋ3(t) = −10x2(t) − 10x3(t) + 10 [u(t) + h(t)] (40)

where x1 is the pendulum angle (in radians), x2 = ẋ1 is the
pendulum velocity (in radians per second), x3 is the dc motor
current (in amperes), u is the input voltage (in volts), h(t) rep-
resents external disturbances, and g(t) represents nonlinearity.
For details and the physical description of states and controls,
see [24]. We assume that h(t) is unknown but bounded as
|h(t)| ≤ 0.5 and that the angle of the pendulum and the current
of the dc motor are measured. For the simulation of the time-
delay system model (37), we also assume that

g(t) = 9.8 sin [x1(t − d)] h(t) = 0.5 sin 5πt,

x1(0) = 0.1 x2(0) = x3(0) = 0,

x(t) = 0 t ∈ [−d, 0) d = 0.1. (41)

It should be noted that g(t) represents gravity effects and d is
an artificially introduced delay to illustrate the proposed design

method. Then, the aforementioned system can be cast as (37)
with the following data:

A=

⎡
⎣ 0 1 0

0 0 1
0 −10 −10

⎤
⎦ B=

⎡
⎣ 0

0
10

⎤
⎦ C =

⎡
⎣ 1 0

0 0
0 1

⎤
⎦

T

E = [ 0 1 0 ]T D=[ 9.8 0 0 ] γ0 =1

Δd(t)=
{

sin [x1(t−d)] /x1(t − d), if x1(t−d) �= 0
1, if x1(t−d)=0.

(42)

It should be noted that the triple (A,B,C) does not satisfy the
necessary and sufficient condition of (2), the term EΔd(t)D
is mismatched, and thus, the existing SMOFC design methods
cannot be easily applied to the aforementioned uncertain time-
delay system model. Since |h(t)| ≤ 0.5, we can set φ = 0 and
ρ(t) = 1. By referring to the design algorithm and Remarks 5
and 7, we can obtain the following sliding-mode output feed-
back control law with the reduced-order 1:

v̇(t) = 2.312v(t) − [17.113 0.712]y(t)

u(t) = 25.291v(t) − [77.201 − 0.056]y(t) − Sgn(σ) (43)

where σ = [7.743, 0.156]y − 1.895v and v(0) = 0. Fig. 1
shows the closed-loop system responses of the uncertain time-
delay system (37) with (40), (41), and (43). From the given
figures, we can see that our method can be successfully applied
to the problem of designing a reduced-order SMOFC for the
uncertain time-delay system (37).
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VI. CONCLUSION

We considered the problem of designing a dynamic SMOFC
for a class of uncertain multivariable systems. We first derived
an LMI existence condition of the compensator and the linear
sliding surface guaranteeing the exponential stability of the
sliding mode dynamics. Using the solution of the LMI exis-
tence condition, we parameterized the compensator gain matrix
and the sliding surface parameter matrix. Our LMI existence
condition implies that the SMOFC design problem for matched
uncertain systems is solvable iff the nominal system is relative
degree one, minimum phase, and stabilizable. We gave the non-
linear switching feedback gain guaranteeing the reachability
condition. Second, we proposed an LMI-based design method
to combine various useful performance criteria. The perfor-
mance criteria include α-stability, LQ performance, H2/H∞
performance, and peak-to-peak gain bound. We showed that
the performance criteria can be used to enforce robustness to
mismatched uncertainties. Thus, via LMI optimization, we can
easily solve the SMOFC design problem for various systems
which cannot be easily solved by the previous methods.
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